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Chirality and current-driven dynamics of topologically nontrivial 360◦ domain walls (360DWs) in magnetic
heterostructures (MHs) are systematically investigated. For MHs with normal substrates, the static 360DWs are
Ne´el-type with no chirality. While for those with heavy-metal substrates, the interfacial Dzyaloshinskii-Moriya
interaction (iDMI) therein makes 360DWs prefer specific chirality. Under in-plane driving charge currents,
as the direct result of “full-circle” topology a certain 360DW does not undergo the “Walker breakdown”-type
process like a well-studied 180◦ domain wall as the current density increases. Alternatively, it keeps a fixed
propagating mode (either steady-flow or precessional-flow, depending on the effective damping constant of the
MH) until it collapses or changes to other types of solition when the current density becomes too high. Similarly,
the field-like spin-orbit torque (SOT) has no effects on the dynamics of 360DWs, while the anti-damping SOT
has. For both modes, modifications to the mobility of 360DWs by iDMI and anti-damping SOT are provided.
I. INTRODUCTION
The invention and great development of non-volatile mag-
netic nanodevices have led to a profound revolution in the in-
formation industry[1–3]. In these nanodevices, various mag-
netic solitons or magnetic domains they separate play the roles
of 0 and 1 in binary world. In wide magnetic nanostrips,
skyrmions/antiskyrmions[4–8], bimerons[9–13] and so on are
two-dimensional (2D) isolated topologically nontrivial mag-
netic solitions surrounded by connected domains with uni-
form orientation. Under the standard definition of 2D topo-
logical charge
W2D(m) =
1
4pi
∫
R2
m ·
(
∂m
∂x
× ∂m
∂y
)
d(x,y), (1)
in which m is a R3 unit magnetization field locating on the
(x,y) plane, these solitions have an integer W2D and they
themselves are the information carriers. While in narrow
enough nanostrips which are quasi-one dimensional (Q1D)
systems, the most studied magnetic solitons are the 1D (Ne´el
or Bloch) 180◦ domain walls (180DWs) bearing 1/2 1D topo-
logical charge, which is defined as
W1D(m) =
1
2pi
∫
R
(
m1
∂m2
∂ρ
−m2 ∂m1
∂ρ
)
dρ , (2)
where m1,2 are magnetization components in the wall plane
and the Q1D systems are supposed to extend in ρ−direction.
180DWs separate two opposite oriented domains whose ori-
entations can be defined as 0 and 1, meantimes the wall mo-
tion leads to the transformation of information. Since the
famous Walker analysis[14], tremendous progress has been
made on statics and dynamics of 180DWs driven by various
external stimuli[15–29]. The corresponding results have laid
the foundation for many mature commercial and developing
magnetic nanodevices.
Interestingly, even in Q1D systems we also have some
kinds of isolated magnetic solitions which have integer W1D.
Among them, the simplest ones are the so-called 360◦ do-
main walls (360DWs) in which the magnetization rotates over
one full circle across the intermediate region thus bearing
W1D = ±1. In the beginning of 1960s, 360DWs were first
found to appear in the magnetization reversal process of thin
films and their existence seem to be a nuisance since they may
complicate the reversal process[30–32]. However, studies in
the past three decades revealed that 360DWs themselves in 2D
magnetic films have more interesting physics[33–38]. Now
we know that 360DWs in lower dimensional systems, such
as nanorings[39–41, 43, 44, 57] and nanostrips[45–50], can
be qualified candidates to store and process information in
magnetic nanodevices due to its “full-circle” topology. From
the viewpoint of application, the energy barrier of nucleating
a 360DW in single-domain nanorings or nanostrips is much
lower than a 180DW since in the latter case one should reverse
the magnetic moments in entire half. Also in many cases,
a 360DW emerges from the combination of two neighboring
180DWs with opposite polarity due to the long-range magne-
tostatic interaction or external magnetic fields.
From the beginning of this century, a series of analytical
works focus on the question whether 360DWs are genuine
stable magnetization textures or just long-lived metastable
states[35, 51, 52]. For 2D ferromagnetic (FM) films, the main
results are as follows: (i) the magnetostatics is crucial for
the existence of 360DWs; (ii) if the long-range component of
magnetostatics is neglected, an in-plane external field must be
applied to stabilize a 1D front of 360DW whose energy is in-
dependent of wall orientation[35]. As the films fade into nar-
row enough nanostrips, changes in boundary conditions fur-
ther require that the external field should align with the easy
axis to guarantee the existence of 360DWs. In recent device
applications, narrow FMmetallic nanostrips often serve as the
central components of magnetic heterostructures (MHs) with
heavy-metal (HM) substrates. Then the effects of interfacial
Dzyaloshinskii-Moriya interaction (iDMI)[53, 54] therein to
the chirality preference of 360DWs need to be clarified.
2Once nucleated, 360DWs in MHs can be driven by certain
external stimuli. First, external magnetic fields along easy
axis can not finish this job. This can be understood by our
roadmap of field-driven domain wall motion since the Zee-
man energy densities in the two domains on both sides of
360DWs are the same[16]. Then, current-induced motion of
360DWs becomes the next choice. Indeed, it is the most com-
mon way to implement and manipulate in real MHs. Numer-
ical investigations on this issue have been widely preformed
in the past decade[55–61]. Alternatively, there are few ana-
lytical studies due to the complexity from the coexistence of
iDMI, spin-transfer torque (STT) and spin-orbit torque (SOT)
therein. In this paper, by adopting the Lagrangian-based
collective coordinate models (LB-CCMs) and adequate wall
ansatz, the current-driven dynamics of 360DWs is systemati-
cally explored which constitutes the second part of this work.
The paper is organized as follows. First, the magnetic La-
grangian and dissipation functional of MHs are introduced
in Sec. II. Both perpendicular magnetic anisotropy (PMA)
and in-plane magnetic anisotropy (IPMA) for the central FM
metallic layers are considered. Then in Sec. III.A we define
the proper ansatz for 1D topologically nontrivial 360DWs and
then introduce three typical candidates. After integrating over
the long axis of MHs, a set of unified dynamical equations
is obtained in Sec. III.B and serves as the startpoint of our
work. In Sec. III.C, chirality preference of 360DWs selected
by iDMI is investigated. After that, the propagation mode of
360DWs under in-plane currents are systematically explored
in Sec. III.D. Also, for both modes the effects of iDMI and
SOT to the dynamics of 360DWs are analytically calculated.
Finally discussions and concluding remarks are provided in
Sec. IV and V, respectively.
II. FORMULISM
A MH under consideration is shown in Fig. 1, which is
composed of three layers: a HM substrate, a central FMmetal-
lic layer and a normal caplayer. We suppose that the MH is
long and narrow enough so that it can be viewed as a Q1D
system extended in the long axis. For central FM layers with
PMA (which will be referred to as “PMA sytems”), the easy
axis lies in z−axis (out-of-plane normal), the long axis of MH
is along x−axis and ey = ez×ex being the hard axis. While for
central FM layers with IPMA (named as “IPMA sytems”), the
easy axis coincides with long axis and is defined as z−axis, the
hard axis is along out-of-plane normal and denote as y−axis,
at last ex = ey× ez. In these two coordinate systems, the crys-
talline aisotropy energy density for PMA and IPMA systems
shares the same form. However, the iDMI should be treated
carefully since it is determined by the out-of-plane normal
component of the magnetization vector. By setting “n” as the
out-of-plane normal, the iDMI energy density can be written
as[62]
EiDMI =Di {[m(r) ·n]∇ ·m(r)− [m(r) ·∇] [m(r) ·n]} , (3)
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FIG. 1. (Color online) Sketch of a MH in which a 360DW is formed
in its central FM metallic layer with (a) PMA and (b) IPMA. A typ-
ical MH is composed of a three-layer structure: a HM substrate, a
central FM metallic layer and a normal caplayer. The corresponding
coordinate system is depicted at the up-right and bottom-left corners
in the respective subfigure. In each case, the easy (hard) axis lies in
the z(y)− direction. An external magnetic field Hz =Hzez is applied
to guarantee the existence of 360DWs. When in-plane charge current
Ja = jaeρ is applied, magnetization vectors will be driven to tilt from
their static locations meantime the 360DW will be driven to propa-
gate along the long axis. Gray (orange) planes describe the planar
ϕ−distribution of static (dynamical) magnetization texture.
whereDi is the iDMI strength and m(r) is the unit magnetiza-
tion vector at position r. Accordingly, the total magnetic en-
ergy density E0 includes the exchange, crystalline anisotropy,
magnetostatic, Zeeman and iDMI energies. In narrow enough
strips, most of the magnetostatic energy can be described by
local quadratic terms of Mx,y,z by means of three average de-
magnetization factorsDx,y,z[25]. In addition, for Q1D systems
∇≡ ∂∂ρ eρ in which ρ = x(z) for PMA (IPMA) systems. Thus
one has
E0[m] = A
(
∂m
∂ρ
)2
+ µ0M
2
s
(
−1
2
kEm
2
z +
1
2
kHm
2
y
)
− µ0Msm ·Hz+EiDMI,
(4)
in which A is the exchange stiffness, µ0 is the permeability of
vacuum, Ms is the saturation magnetization and Hz = Hzez
is the external magnetic field along the easy axis with the
strength Hz. At last, kE(kH) denotes the total anisotropy co-
efficient along the easy (hard) axis of the central FM layer,
namely kE = k1 + (Dx −Dz) and kH = k2 + (Dy −Dx) with
k1(2) being the crystalline anisotropy coefficient in easy (hard)
axis.
The in-plane charge current flows along “eρ” with density
ja. As passing through the MH, the charge current splits
into two parts. Suppose jF ( jH) to be the component in FM
(HM) layer. A simple circuit model delivers that jF = ja(tF+
tH)σF/(tFσF+ tHσH) and jH = ja(tF+ tH)σH/(tFσF+ tHσH),
where tF (tH) and σF (σH) are the thickness and conductivity
3of the FM (HM) layer, respectively. For the most common FM
metal (Co, Ni, Fe) and HM (Pt, Ta, Ir) materials, the conduc-
tivity varies from 10 to 20 (µΩm)−1. For simplicity, we set
σF ≈ σH thus jF = jH = ja. The charge current component
( jH) in HM substrate will induce a spin current into the FM
layer which is polarized in the direction of “mp ≡ n× eρ”,
hence generate the SOT. On the other hand, in the global
Cartesian coordinate system, the unit vector of magnetization
in the FM layer can be fully described by its polar angle θ
and azimuthal angle φ , as shown in Fig. 1. The resulting local
spherical coordinate system is denoted as (em,eθ ,eφ ). Then
mp can be decomposed as
mp = pmem + pθ eθ + pφ eφ . (5)
Base on all these preparations, the Lagrangian density L and
dissipation functional density F of this magnetic system can
be expressed as
L
µ0M2s
=−cosθ
γMs
∂φ
∂ t
− BJφ
γMs
∂ (cosθ )
∂ρ
+
HFL
Ms
pm− E0
µ0M2s
,
(6)
and
F
µ0M2s
=
α
2γMs
{[
∂
∂ t
− βBJ
α
∂
∂ρ
]
m
}2
−HADL
Ms
(
m×mp
) · ∂m
∂ t
,
(7)
in which γ = µ0γe with γe being the electron gyromagnetic
ratio, BJ = µBP ja/(eMs) with e,µB being respectively the ab-
solute value of electron charge and Bohr magneton, P is the
spin polarization of jF, α is the Gilbert damping constant, β is
the dimensionless coefficient describing the relative strength
of the nonadiabatic STT over the adiabatic one, at last HFL
and HADL denotes the strength of field-like (FL) and anti-
damping-like (ADL) SOT, respectively.
The dynamics of magnetization in the central FM layers of
MHs is then described by the Lagrangian-Rayleigh equation
d
dt
(
δL
δ X˙
)
− δL
δX
+
δF
δX
= 0, (8)
in which X is any related local or collective coordinate. In
particular, when X = θ and φ (the most common local coordi-
nates), the resulting two equations can be combined to recover
the familiar Landau-Lifshitz-Gilbert equation
∂m
∂ t
=−γm×Heff+αm× ∂m
∂ t
+TSTT+TSOT, (9)
where Heff =−(µ0Ms)−1δE0/δm, and
TSTT = BJ
∂m
∂ρ
−βBJm× ∂m
∂ρ
, (10)
as well as
TSOT =−γHFLm×mp− γHADLm×
(
m×mp
)
. (11)
However, θ (ρ , t) and φ(ρ , t) vary from point to point, hence
generating a huge number of degrees of freedom. To ob-
tain collective behaviors of magnetization system, LB-CCMs
are adopted which need preset ansatz. In the beginning of
next section, we will define aqequate ansatz for topologically
nontrivial 360DWs and introduce several typical trial profiles
which contain reasonable collective coordinates. Based on
them, a set of dynamical equations can be obtained, which
lays the foundation of our work in this paper.
III. RESULTS
III.A Adequate ansatz for topologically nontrivial 360DWs
As wementioned above, earlier studies confirm that in Q1D
MHs if the long-range component of magnetostatics is ne-
glected, then an external field along the easy axis is crucial
for forming a 360DW. Accordingly, an analytical profile of
static 360DWs has been provided based on the requirement
that at equilibrium the eθ component of Heff disappears[35].
In this solution the azimuthal angle takes a fixed value while
the polar angle changes monotonously from 0 to pi as ρ runs
from one end of MH to the wall center and then decreases
back to 0 as ρ goes further to the other end. This nonmono-
tonic behavior comes from the consideration that polar angles
are defined in spherical coordinate system thus can not exceed
pi . However, we would like to point out that: a 360DWdefined
like this must be a topologically trivial one. In PMA (IPMA)
systems, this corresponds to a “↑→↓→↑” (“→↑←↑→”) type
wall which first rotates half a circle and then returns back, thus
leading to W1D = 0.
One possible remedy is to add a fixed value pi to the az-
imuthal angle when the polar angle crosses the South Pole.
In principle this new set of polar and azimuthal is indeed the
real spherical coordinates that realizes a topologically nontriv-
ial “↑→↓←↑” (“→↑←↓→”) type wall for PMA (IPMA) sys-
tems, however it will artificially bring a discontinuity point in
exchange energy. For the convenience of comparisons below,
we denote them as ϑreal and ϕreal. To remove the artificial dis-
continuity, we propose a monotonically increasing “0 to 2pi”
polar angle profile meanwhile keep the azimuthal angle a con-
stant value which are defined as ϑansatz and ϕansatz. We focus
on the “pi to 2pi” part since this is the main region where dif-
ferences occur. Obviously, we have
ϑreal = 2pi −ϑansatz, ϕreal = ϕansatz+pi , (12)
and they lead to the same magnetization component as follows
real spherical ansatz
mx : sinϑreal cosϕreal ≡ sinϑansatz cosϕansatz
my : sinϑreal sinϕreal ≡ sinϑansatz sinϕansatz
mz : cosϑreal ≡ cosϑansatz.
(13)
In addition, the polar and azimuthal profiles in our proposal
are not bothered by discontinuities in continuous Heisenberg
exchange interaction, meanwhile provide W1D = +1. Based
4on these facts, we conclude that a 360DWprofilewith a mono-
tonically increasing “0 to 2pi” polar angle and a constant az-
imuthal angle should be an adequate ansatz for 360DWs.
In this work, we use three trial profiles of 360DWs to ex-
plore their chirality preference and current-driven dynamics.
The first one is inspired by the work of Muratov in 2008[35],
but has been generalized to [0,2pi) as we proposed above. By
introducing the “traveling coordinate” ξ ≡ ρ−q(t)
∆(t)
where q(t)
and ∆(t) are respectively the center position and width of the
360DW, it can be written as
ϑ = 2cot−1
[√
h
1+ h
sinh
(
−
√
1+ hξ
)]
, φ(r, t) = ϕ(t),
(14)
in which h≡ Hz
kEMs
and the “cot−1” function takes the range of
0 to pi . Note that Eq. (14) is accurate in the absence of driv-
ing current. When in-plane currents are applied, this solution
becomes an approximation since it may not hold everywhere
but it does grasp the main features of dynamical 360DWs. In
particular, Eq. (14) clearly ascertains the conclusion that in
the absence of external magnetic fields along the easy axis
(i.e. h= 0), ϑ keeps a constant value thus 360DWs disappear.
Also, we have two other options. The second trial profile is
directly generalized from the Walker ansatz, which reads
ϑ = 4tan−1 eξ , φ(r, t) = ϕ(t), (15)
and the third one is
ϑ =
2pi
1+ e−ξ
, φ(r, t) = ϕ(t). (16)
Obviously, the latter two do not depend on h, thus can not
be rigorous even in the absence of driving currents. However,
due to their mathematical simplicity, they can be used as refer-
ences. In particular when h= 1 (h= pi2/16), dϑ/dξ at ξ = 0
in Eq. (14) coincides with that of Eq. (15) [Eq. (16)]. The
corresponding ϑ profiles are plotted in Fig. 2. Also, curves
with h = 0.1 and h = 5 have been appended to illustrate the
dependence of polar angle profile in Eq. (14) on h: as h in-
creases the effective width [not the parameter ∆(t)] of 360DW
is compressed.
III.B Dynamical equations
In all three trial profiles, the wall center position q(t), tilt-
ing angle ϕ(t) and wall width ∆(t) are the three collective
coordinates. In Eq. (8), by letting X take q(t), ϕ(t), ∆(t)
successively, and integrating over the long axis of MHs (i.e.∫ +∞
−∞ dρ), a set of dynamic equations can be obtained and ex-
pressed in a unified form for both PMA and IPMA systems:
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FIG. 2. (Color online) Trial polar angle profiles in Eq. (14) - Eq.
(16). Four solid curves are those from Eq. (14) with different h,
while the magenta (blue) dashed curve shows Eq. (15) [Eq. (16)].
0= (α q˙+βBJ)− 2pi
I1
γHADL∆ · f (ϕ), (17a)
0=
α
γMs
ϕ˙ + kH sinϕ cosϕ
+
I2
I3
1
γMs
∆˙
∆
+
2pi
I3
Di
µ0M2s ∆
d f (ϕ)
dϕ
,
(17b)
αI4
γMs
∆˙
∆
=
I2
γMs
ϕ˙ − (kE+ kH sin2 ϕ) I5− kEI2h+λ l20
∆2
, (17c)
where an overdot means ∂/∂ t and l0 =
√
2A/(µ0M2s ). For
PMA systems f (ϕ) = cosϕ while for IPMA systems f (ϕ) =
−sinϕ . The five integrals (I1 to I5) can be defined in a gen-
eral way without depending on the specific form of trial pro-
files (see the first column of Table I). Their values and the pa-
rameter λ under each profile have been listed in the last three
columns of Table I. We also plot them in Fig. 3 as functions
of h to show their evolution as h increases.
Eq. (17) is the starting point for our investigations on chiral-
ity and current-drivendynamics of 360DWs in Q1DMHs. Be-
fore explicitly solving it, we would like to discuss its qualita-
tive properties first. In the dynamical equations for 180DWs,
the iDMI, FL-SOT and ADL-SOT are all present. However
in Eq. (17), the FL-SOT disappears. This can be under-
stood based on the mathematical form of SOTs in Eq. (11).
The main difference lies in the fact that the FL-term is lin-
ear to the magnetization m while the ADL-term is quadratic
(thus is nonlinear). When integrating over the whole strip, the
constant “−γHFLmp” factor can be brought up, leaving “m”
to be integrated over a full circle thus canceled out. How-
ever, this procedure fails for the ADL-term since the constant
“−γHADLmp” factor can not be brought up there. This ex-
plains the presence (absence) ofHADL (HFL) in Eq. (17). Sim-
ilar analysis can be made to explain the presence of bothHADL
and HFL in 180DW case. Furthermore, a general rule can be
summarized as follows: When dealing with current-driven dy-
5TABLE I. Summary of parameters in Eq. (17): definitions and values based on the three trial profiles in Eqs. (14) to (16). First to fifth rows:
Integrals I1 to I5. Last row: Parameter λ .
Parameter: Definition Value on Eq. (14) Value on Eq. (15) Value on Eq. (16)
I1: ∆
∫ 2pi
0
∂ ϑ
∂ ρ dϑ 4
√
1+h+2h ln
√
1+h+1√
1+h−1 8
2
3pi
2
I2:
∫ 2pi
0 sinϑ (−ξ )dϑ 2ln
√
1+h+1√
1+h−1 4 2
∫ 2pi
0
1−cos t
t
dt ≈ 4.8753
I3:
1
∆
∫ 2pi
0
sin2 ϑ
∂ ϑ/∂ ρ dϑ 4
√
1+h−2h ln
√
1+h+1√
1+h−1
8
3
∫ 4pi
0
1−cos t
t
dt ≈ 3.1144
I4: ∆
∫ 2pi
0
∂ ϑ
∂ ρ ξ
2dϑ 8h
(1+h)3/2
∫+∞
0
√
1+x2(sinh−1 x)
2
(1+ h1+h x2)
2 dx
2
3pi
2 (2pi)2
∫+∞
0
x(lnx)2
(1+x)4
dx ≈ 8.4870
I5:
∫ 2pi
0 sinϑ cosϑ (−ξ )dϑ I32
λ : I1−hI2− I5 I1− I2 I12
0
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FIG. 3. (Color online) Evolution of I1,2,3,4 and λ as h increases for
Eq. (14) - Eq. (16). Note that I5 is omitted since it is always half of
I3.
namical equations of magnetic domain walls, only for “2npi”
walls HFL disappears; otherwise HADL and HFL coexist. Par-
allel discussions can be performed to the anisotropic field pro-
portional to kH, which profoundly affect the dynamic behav-
iors of 360DWs. We will revisit this issue in Section 3.4.1.
III.C iDMI-induced chirality for static 360DWs
By first choosing the easy-axis-oriented single-domain state
as reference, and then integrating over the Q1D MH, the
“renormalized magnetic energy” E re0 of the central FM layer
reads
E re0
µ0M2s S
=
I1
2
l20
∆
+
[
I3
2
(
kE+ kH sin
2 ϕ
)
+ kEI2h
]
∆
+
2piDi f (ϕ)
µ0M2s
,
(18)
where S is the cross section of the central FM layer. Combing
with Eq. (17) for ja = 0 (thus HADL = 0 and BJ = 0), the
chirality preference of static 360DWs can be analyzed.
iDMI is absent
First we review the simplest case where the iDMI is ab-
sent (Di = 0). Physically this corresponds to MHs with nor-
mal substrates. Then the dynamical equations, as well as the
renormalized magnetic energy for PMA and IPMA systems
are the same. Since HADL = 0 and BJ = 0, Eq. (17a) provides
q˙= 0 meaning that the 360DW keeps static. A static wall also
requires that ϕ˙ = 0 and ∆˙ = 0. Putting them into Eq. (17b),
one has sin2ϕ = 0 which means ϕ = npi
2
. However, Eq. (18)
clearly tells us that only ϕ = npi (i.e. sinϕ = 0) minimizes
E re0 . Therefore, in the absence of iDMI, 360DWs should be
Ne´el type, but have no chirality preference. At last, Eq. (17c)
provides the static wall width ∆0 as
∆0 =
l0√
kE
√
λ
I2h+ I5
. (19)
Note that ∆0 should not be obtained from the direct minimiza-
tion of the first two terms in Eq. (18) since the result may
not satisfy the dynamical equations. This argument also holds
when iDMI appears.
6PMA systems with iDMI
For PMA systems, f (ϕ) = cosϕ . The combination of Eq.
(17b) and the static requirement (ϕ˙ = 0 and ∆˙ = 0) leads to

case (a) : sinϕ = 0 or
case (b) : cosϕ =
2piDi
kHI3µ0M2s ∆
(20a)
(20b)
To determine which solution provides the real tilting angle,
we must compare the corresponding “renormalized magnetic
energy” in Eq. (18). For case (a), sinϕ = 0⇔ ϕ = npi . How-
ever, the existence of iDMI [the last term in Eq. (18)] breaks
the two-fold degeneracy of E re0 upon azimuthal angle. To min-
imize E re0 , one must have
cosϕ =−sgn(Di) , (21)
where “sgn” denotes the sign function. Correspondingly in
this case the renormalized magnetic energy becomes(
E re0
)
a
µ0M2s S
=
I1
2
l20
∆
+ kE
(
I3
2
+ I2h
)
∆− 2pi |Di|
µ0M2s
. (22)
For case (b), direct calculation yields(
E re0
)
b
µ0M2s S
=
I1
2
l20
∆
+ kE
(
I3
2
+ I2h
)
∆
+
[
(2piDi)
2
2kHI3 (µ0M2s )
2 ∆
+
I3
2
kH∆
]
.
(23)
Obviously for any positive ∆, we always have
(
E re0
)
a
<(
E re0
)
b
. Therefore for PMA systems, Eq. (21) provides the
real azimuthal angle of 360DWs, which presents definite chi-
rality uniquely determined by iDMI. This can be understood
more intuitively from the perspective of effective fields. For
PMA systems, the iDMI energy density in Eq. (3) leads to the
following effective field
Hi =− 1
µ0
δEiDMI
δM
=− 2Di
µ0Ms
[(
∂mx
∂x
)
ez−
(
∂mz
∂x
)
ex
]
.
(24)
Clearly the x−component leads to the chirality of 360DWs.
At last, by putting Eq. (21) into Eq. (17c), the static wall
width is found to be the same as that in Eq. (19). For the
first trial profile [see Eq. (14)], I2, I5 and λ are all functions
of h. One can easily check that
√
λ/(I2h+ I5) = 1, which
means that ∆0 is independent on h. This is reasonable since
in this profile ∆ and h appear together and are independent
variables. While for the other two profiles, I2, I5 and λ are
constants. Then the wall width will be compressed when an
external field in the easy axis appears, which is also reasonable
since h is absent in these two.
IPMA systems with iDMI
For IPMA systems, parallel discussions can be performed.
For brevity, we only list the main results here. Since f (ϕ) =
−sinϕ , the static condition then provides

case (a′) : cosϕ = 0 or
case (b′) : sinϕ =
2piDi
kHI3µ0M2s ∆
(25a)
(25b)
For case (a’), the iDMi-induced chirality selects sinϕ =
sgn(Di). However after simple calculation, it is easy to find
that the renormalized magnetic energy in case (b’) is lower
than that in case (a’). Therefore the correct static azimuthal
angle for IPMA systems should be the one in Eq. (25b). Also,
the wall acquires definite chirality determined by the iDMI.
Again, putting Eq. (25b) back into Eq. (17c), the static wall
width for IPMA systems is
∆′0 =
l0√
kE
√
λ
I2h+ I5
√
1− kHI5
λ
(
2piDi
kHI3µ0M2s l0
)2
. (26)
Compared the above result with that in PMA case [see Eq.
(19)], a quadratic correction term of Di appears. For the sec-
ond and third trial profiles, it does not change the dependence
trend of wall width on h. However, for the first profile a prob-
lem emerges since now ∆ depends on h. This means that in
IPMA systems, Eq. (14) is not as good as it is in PMA sys-
tems. The reason lies in the fact that in IPMA systems the
hard axis is along y−axis (rather than x−axis) since it is the
thinnest direction of the strip thus has the largest demagnetiza-
tion factor. Despite this, Eq. (14) does grasp the main features
of 360DWs in IPMA systems and should be a good ansatz to
explore their statics and dynamics.
III.D Current-driven 360DW dynamics
When in-plane currents are applied, the 360DWs will be
driven to propagate along the long axis of MHs. Generally,
in Eq. (17a) the presence of “HADL” term will change the
wall’s mobility from the pure STT-driven result by means of
f (ϕ). To acquire the time-evolution of ϕ , Eq. (17b) and (17b)
provides
d(2ϕ +κ)
Γ− 4piDi
kHI3µ0M2s ∆
d f (ϕ)
dϕ
− sin(2ϕ +κ)
= χdt, (27)
with
κ = arctan
I2I5
αI3I4
,
Γ =
2I2
αkHI3I4
[
I5kH
2
+ kE (I2h+ I5)−λ
l20
∆2
]
,
χ = kHγMs
[
α +
(I2)
2
αI3I4
]−1
> 0.
(28)
This is the fundamental equation when dealing with current-
driven 360DW dynamics.
7iDMI is absent
First we consider the simplest case where the iDMI is ab-
sent (Di = 0), which corresponds to a 360DW residing in a
MH with a normal substrate. Note that at this moment the
SOT is also absent. Now Eq. (27) can be directly integrated
out and the result depends on the value of Γ.
When |Γ|< 1,
tan
(
ϕ +
κ
2
)
=
1
Γ
−
√
1−Γ2
Γ
C1e
√
1−Γ2χt + 1
C1e
√
1−Γ2χt − 1
, (29)
with
C1 =
Γ tan
(
ϕ0+
κ
2
)
− 1−
√
1−Γ2
Γ tan
(
ϕ0+
κ
2
)
− 1+
√
1−Γ2
,
and ϕ = ϕ0 at t = 0. Obviously when t → +∞ the azimuthal
angle approaches the following value
ϕ∞ = arctan
(
1
Γ
−
√
1−Γ2
Γ
)
− κ
2
. (30)
This means that in this case the 360DW will eventually fall
into the “steady-flow” mode. By letting ϕ˙ = 0 and ∆˙ = 0,
we know that the wall propagates with a constant velocity
−βBJ/α and a fixed width
∆(ϕ∞) =
l0√
kE
√
λ
I2h+ I5+(kH/kE) I5 sin
2 ϕ∞
. (31)
When |Γ|> 1,
ϕ = arctan
[√
Γ2− 1
Γ
tan
(√
Γ2− 1
2
χt+C2
)
+
1
Γ
]
− κ
2
,
(32)
with
C2 = arctan
Γ tan
(
ϕ0+
κ
2
)
− 1
√
Γ2− 1 .
Now the azimutial angle rotates periodically with the period
T0 =
4pi
χ
√
Γ2− 1 , (33)
which means that the 360DW takes a “precessional-flow”
mode with the same constant velocity −βBJ/α and a peri-
odically changing width.
It is worth noting that for a certain 360DW as the current
density increases the wall always takes a specific mode (either
steady-flow or precessional-flow) rather than going through
a process of mode change, which is quite different from the
commonly studies 180DWs. This is the direct consequence
of the “full-circle” topology that 360DWs hold. Similar with
the discussions in Sec. 3.2, for 180DWs [or other “(2n+1)pi”
walls] the incomplete cancellation over a half-circle rotation
of m leads to the appearance of “kH sin2ϕ” term, and then
results in the famous “Walker breakdown” process. However
for 360DWs (or other “2npi” walls), the full cancellation of
anisotropic field leads to the absence of “kH sin2ϕ” term in
Eq. (17), thus results in the “fixed mode” behavior. Interest-
ingly, both modes share the same wall mobility which is equal
to that in steady-flow mode of 180DWs. This explains nearly
all existing numerical observations before 360DWs change to
other magnetic solitons (for example vortices) under too high
currents [55, 60, 61].
Furthermore, we provide the sufficient but non-necessary
condition for the steady flow of 360DWs. Under the presup-
position |Γ|< 1, by putting the wall width [see Eq. (31)] back
into the definition of Γ [see Eq. (28)], we obtain
Γ =
I2I5
αI3I4
cos2ϕ∞. (34)
Thus the sufficient but non-necessary condition for |Γ| < 1
should be I2I5/(αI3I4) < 1, which corresponds to α > αc ≡
I2I5/(I3I4). For the second and third trial profiles, one has
αc = 3/pi
2 ≈ 0.304 and αc = 0.287, respectively. While for
the first profile, αc is the function of h. We have plotted their
dependence on h in Fig. 4. One can clear see that for all
three cases αc has a upper limit 3/pi
2 even when h increases
to 5 which is a quite high value in real experiments. In many
MHs, existing measurements show that the effective damping
in FM strips is enhanced from 0.001-0.01 to 0.3-0.9[63, 64].
This guarantees that experimentally 360DWs should take the
steady-flow mode. As for precessional flow, since the explicit
form of wall width is hard to obtain, thus it is difficult to obtain
the definite range of its existence. However, from the above
discussion we can reasonably infer that for sufficient small
α , 360DWs precess. This prediction needs to be verified by
future experiments and numerical simulations.
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FIG. 4. (Color online) Dependence of αc on h based on Eq. (14) -
Eq. (16).
8iDMI and ADL-SOT are present
Next we study the effects of iDMI and ADL-SOT on the
current-driven dynamics of 360DWs in MHs with HM sub-
strates. In the presence of iDMI, in principle the azimuthal
angle ϕ can not be integrated out explicitly from Eq. (27). Re-
cently a phase diagram has been drawn to show how the types
of solutions are determined by the DMI and the anisotropic
parameters[65]. However in real MHs, generally the iDMI is
weaker than other magnetic interactions, thus can be reason-
ably viewed as a small quantity. Depending on the value of Γ,
different approximate treatments will be used.
When |Γ|< 1 or under the stronger condition α >αc, at the
lowest level of approximation the 360DW should eventually
propagate like a rigid body with the finial azimtuhal angle ϕ∞,
width ∆(ϕ∞) and velocity
q˙=−β
α
BJ+
2pi
αI1
γHADL∆(ϕ∞) · f (ϕ∞). (35)
Obviously, the wall mobility is modified by the second term.
However the effect of iDMI is totally submerged since it has
been droppedwhen obtainingϕ∞. Note that the form of ∆(ϕ∞)
in Eq. (31) is not effected by this dropping.
When |Γ| > 1, the 360DW precesses. In this case for a
physical quantity O, its time average
〈O〉 ≡ 1
T
∫ T
0
X(t)dt =
1
T
∫ 2pi
0
X
ϕ˙
dϕ (36)
corresponds to experimental observables, where T is the pre-
cession period. Under the assumption of small iDMI, we cal-
culate the time-averaged wall velocity 〈q˙〉. First the period
T is replaced by T0 in Eq. (33). Then the approximation
(1− x)−1 ≈ 1+ x+ x2 for |x| < 1 is used to simplify 1/ϕ˙ in
Eq. (27) hence the integral in Eq. (36) can be calculated.
After standard algebra, we have
〈q˙〉=−β
α
BJ−η
√
Γ2− 1
Γ3
γHADL
Di
µ0M2s
4pi2 cosκ
αkHI1I3
, (37)
where η = +1 (−1) for PMA (IPMA) systems. Clearly, Eq.
(37) provides the effects of both ADL-SOT and iDMI to the
wall velocity in precessional flows.
IV. DISCUSSIONS
First, one should note that the premise of all our analyti-
cal results is the existence of 360DWs. The constant mobil-
ity (whether adjusted by iDMI and SOT or not) upon current
increase is the direct manifestation of the wall’s “full-circle”
topology. Accordingly, strong enough external stimuli would
destroy the configuration of 360DWs, thereby greatly change
the mobility of domain walls (not 360DWs any more). This
explains the huge reduction of 360DW mobility under high
currents in existing numerics[55, 60, 61].
Second, our analytics presented here is based on “0 to 2pi”
monotonic profiles of polar angle. If ϑ is no longer monotonic
but its overall change across the wall region keeps 2pi (W1D =
+1 still holds), then the results will be unchanged. In addition,
for a 360DWwithW1D =−1 mathematically its profile can be
transfer to that with W1D =+1, except for an increase by pi in
the azimuthal angle. The following procedure is similar to
what we have presented in the main text and will not provide
new physics, so we won’t repeat it.
At last, topologically the 1D 360DWs in narrow MHs un-
der investigation here are analogous to the 1D domain wall
skyrmions (DWSs) evolved from vertical Bloch lines in wide
MHs with PMA[66]. Both magnetic solitons carry integer 1D
topological charges (W1D = ±1), hence should belong to the
same topology class. The effective field of iDMI in that work
plays the role of external fields along easy axis here, therefore
is crucial to the formation of 1D DWSs. The current-driven
results here may provide insights for exploring dynamical be-
haviors of 1D DWSs under external stimuli.
V. CONCLUSION
In this work, the topology, chirality and current-driven dy-
namics of 360DWs in Q1D MHs are systematically investi-
gated. On one hand, the iDMI uniquely select the chirality of
static 360DWs. On the other hand, the “full-circle” topology
of 360DWs makes them completely different from the tradi-
tional 180DWs. For 360DWs, effective fields which are linear
to the magnetization have been fully canceled out and disap-
pear in the dynamical equations. In particular, the full cancel-
lation of magnetic anisotropic fields directly results in the ab-
sence of “Walker breakdown”-type process under increasing
currents. In a certain MH, 360DWs will take either steady-
flow or precessional-flow mode, depending on the strength
of effective Gilbert damping constant therein. In MHs with
normal substrates, the wall mobility of both modes are the
same as that in the steady-flow mode of STT-driven propa-
gation of 180DWs. While in MHs with HM substrates, the
mobility will be modified by the ADL-SOT and iDMI. These
results should deepen our understanding of topological soli-
tons in low-dimensional magnetic systems, meanwhile pro-
vide necessary theoretical basis for expanding the application
of 360DWs in the field of magnetic nanodevices.
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